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Taylor expansion power seriesA B S T R A C T
Many current materials and structural systems are layered. The structural performances of these multilayered
systems are dependent on interfaces, the presence of which is inherent to them. A methodology for the simpli-
fied stress analysis of such structures under 1D‐bar kinematics is presented. The macro‐element technique is
used to solve the set of ordinary differential equations involved. A dedicated macro‐element is formulated
through the approximation of displacements fields by Taylor expansion power series. The predictions of the
simplified stress analysis are in close agreements with those obtained by FE analyses. Finally, the influence
of adhesive thickness and of the overlap length on the adhesive stress peaks is presented.1. Introduction
Many current materials and structural systems are layered such as
for example, coating systems, electronic packages, multilayered piezo-
electric actuators, composite materials, adhesively bonded joints, etc.
They are then used in the fields of industrial sectors as varied as auto-
motive, aerospace, energy harvesting or electronics manufacturing.
The structural performances of these multilayered systems are depen-
dent on interfaces, the presence of which is inherent to them. The exis-
tence of interfaces can be regarded as an opportunity to assign
additional functions to the multilayered systems, the integrity of which
is dependent on how the load is transferred between the layers. The s-
tress analysis of multilayered systems can be performed thanks to
Finite Element (FE) analysis. However, in order to provide accurate
predictions, the significant difference between the thickness of layers
and interfaces leads to large computational time. It is then beneficial
to develop simplified stress analysis for presizing purpose. There have
been various studies for stress analysis and sizing for different config-
urations of bonded joints such as single‐lap joint, double‐lap, tapered
lap joint, etc. However, the studies of multilayered adhesively bonded
joints are mainly carried out on the composite laminates adherends.
The classical laminate theory is a commonly used predictive tool
(evolved in the 1960s) which makes possible the analysis of complex
coupling effects that may occur in composite laminates. It is able to
predict strains, displacements and curvatures that develop in a lami-
nate when it is loaded [1,2]. On the other hand, the shear‐lag methodis a tool to analyze the behavior of composite laminates. This method
provides for prediction of the mechanical properties of composite
interfaces and stress analysis. Nairn defines the transverse variations
of shear stress by means of arbitrary shape functions and he derives
the shear‐lag analysis and solution in term of averages of the new
shape functions. These default shape functions can be specified after
analysis and adapted for the specific problems [3]. The modifiability
property of the shape functions for shear‐lag analysis is the strength
of this method. Jiang and Peters go further from two‐dimensional pla-
nar geometries to three‐dimensional unidirectional multilayered struc-
tures in their study. They derive a shear‐lag model for these three‐
dimensional unidirectional multilayered composite structures. Solu-
tion methods are given for several shear stress boundary conditions.
They performed the model of an example applied normal stress by
means of an equivalent shear stress boundary condition [4]. Viet, Zaki,
and Umer introduce a new analytical model to propose for the inter‐
laminar shear stress in adhesively bonded multilayered metal lami-
nates. In this study, the shear stress function is defined as a mathemat-
ical expression of the Young modulus of the adhesive material
depending on the metal‐to‐adhesive thickness ratio in order to know
the effect of Young’s modulus of the adhesive on the load transfer.
The shear‐lag mechanism and FE analysis are used to analyze the inter-
facial behavior of the arbitrary number of laminate layers [5]. This
paper provides better understanding of the mechanical behavior of
the adhesively bonded laminates and presents an analytical function
to be utilized for computation of the inter‐laminar shear stress [5].
Nomenclature
Aj membrane stiffness of the adherend wejEj [mm2.MPa]
c half overlap length [mm]
c1‐c4 integration constant for computation part 2.2.2
C1, C2 integration constant for computation part 2.2.1
C vector gathering c1‐c4 constants of part 2.2.2
ej adherend thickness of layer j [mm]
eaj adhesive layer thickness between adherend layers j and
j + 1 [mm]
Ej young modulus of adherend j [MPa]
f Lj force imposed at left hand of j layer [N]
f Rj force imposed at right hand of j layer [N]
Gaj shear modulus of adhesive layer between adherends j and
j + 1 [MPa]
i any adherend layers of multilayered bonded joint except
layer 1 and P
j any adherend layers
kaj adhesive shear relative stiffness Gj=eaj [MPa.mm−1]
K½  stiffness matrix of ME
L overlap length [mm]
Lj left ME node of layer j
mth derivative order of displacement
Me½  matrix of nodal displacements exact solution (ME)
MN½  matrix of displacement‐based approach
n power series nth term
nmax truncated order of TEPS
Nj normal force in the adherend j [N]
Ne½  matrix of nodal forces exact solution (ME)
NN½  matrix of force‐based approach
P last adherend layer of multilayered bonded joint
QLj force imposed at left hand of j layer (ME) [N]
QRj force imposed at right hand of j layer (ME) [N]
Qf g vector of applied forces
Qef g vector of applied forces
Rj right ME node of layer j
Tj adhesive shear stress between adherends j and j + 1 [MPa]
uj displacement of layer j [mm]
uLj displacement of j adherend at left hand of overlap (x ¼ cÞ
[mm]
uRj displacement of j adherend at right hand of overlap (x ¼ cÞ
[mm]
Uj;n coefficient of TEPS method of j adherend
uf g vector of displacements
Uef g vector of displacements in ME exact solution
VNf g vector of unknowns
w overlap width [mm]
x position along the overlap [mm]
γj adhesive shear angle of any j adhesive layers [rad]
ɛxx normal strain in x‐direction
η constant for computation
λ constant for computation
ξ non‐dimensional overlap length x=c
σxx normal stress in x‐direction [MPa]
χ, χA constant for computation
ψ constant for computation
Ψ½  dummy stiffness matrix
V. Torrelli, E. ParoissienFinally, Pham, Mohareb and Fam develop a FE formulation for the
analysis of multilayered beams. The longitudinal normal stress field
is defined as Heaviside step function series and polynomial and substi-
tuted into the infinitesimal equilibrium conditions to develop expres-
sions for the shear and transverse stress fields. The stress fields thus
derived are then adopted within the complementary energy varia-
tional principle framework to develop a family of FEs [6]. Sekmen
et al. provide a simplified stress analysis of multilayered bonded struc-
ture based on the semi‐analytical resolution scheme called macro‐
element (ME) technique [7] under 1D‐bar and 1D‐beam kinematics.
The ME technique is successfully used for the simplified stress analysis
of single‐lap bonded joints under mechanical and thermal loadings,
eventually involving graded materials and geometrical properties
along the overlap as well as nonlinear adhesive material behavior,
while demanding low computational time [8‐11]. Moreover, it is
applied to the simulation of the delamination of composite laminated
materials under pure mode I for a double cantilever beam test [12]. In
this work, the homogeneous properties of composite materials are
used for each of both arms, so that the ME used is made of two com-
posite layers linked by one interface layer to be delaminated. The for-
mulation of the stiffness matrix of the multilayered structure by
Sekmen et al. is based on the use of exponential matrix. However, even
for a linear computation, the results depend on the mesh refinement
under 1D‐beam kinematics. Besides, a new approach involving the
Taylor expansion power series (TEPS) is introduced by Ordonneau
et al. [11] to formulate the ME stiffness matrix of two adherends
bonded with one adhesive layer. The use of TEPS as a tool in the res-
olution process has already been employed for simplified stress analy-
sis joints with graded properties [13–16]. The objective of this paper is
to present and to assess a methodology for the TEPS‐based formulation
of the stiffness matrix of the ME of multilayered bonded structures
under 1D‐bar kinematics. The assessment is performed through the
comparison of results coming from a resolution scheme, based on2
the direct integration of local equilibrium and constitutive equations
and from a simplified FE model. The assessment is performed on a
unique set of hypotheses: (i) the materials are linear elastic, (ii) only
the normal stress is considered in the adherends and (iii) only the
in‐plane shear stress is considered in the adhesive and is constant
through the thickness. This set of hypotheses corresponds to those
used by Arnovljevic [17] or Volkersen [18] for the stress analysis of
single‐lap bonded joints. The good agreement shown validates then
the potential application of TEPS‐based formulation scheme to the
ME of multilayered bonded structures under 1D‐beam kinematics.2. Introduction to simplified stress analysis: Single-Lap bonded
joint
2.1. Hypotheses and governing equations
2.1.1. Introduction to shear-lag model
The following hypotheses are taken (i) the adherend layers are lin-
ear elastic materials simulated as bars, (ii) the adhesive layer is mod-
elled by an infinite number of linear elastic shear springs linking
adherend layers and (iii) the adhesive layer thickness remains constant
along the overlap. It results then that (i) only the longitudinal displace-
ments of the neutral line and normal forces are considered in the
adherend layers and (ii) all the adhesive stress components vanish
except the in‐plane shear which is constant in through the thickness.
It is then indicated that the shear stress in the adherend layers is not
considered in this model. The usual hypothesis of a linear shear stress
distribution through the thickness by Tsaï et al. [19] could be easily
introduced in the ME formulation following the method provided in
[20]. The material and geometrical parameters in the presented mod-
els are free; in particular, each adherend layer could have its own
Young’s modulus.
V. Torrelli, E. Paroissien2.1.2. Single lap bonded joint
The single lap bonded joint (SLJ) shown in the following Fig. 1 is
the simplest multilayered bonded joint where two metallic layers are
bonded together by a thin layer of adhesive. The Fig. 1 shows a possi-
ble configuration for experiment where one layer is clamped and the
other is submitted to a tensile load.
Let’s define the variable j that identifies the adherend location from
the top to bottom j ¼ 1    i   P where P is the total number of metallic
layers and i any layers except the first (1) and the last one (P). In the
SLJ, two metallic layers compose the model so that P ¼ 2 and j ¼ 1;2.
The mechanical and geometrical characteristics of the adherends are
respectively given in term module of elasticity Ej and thickness ej. Also,
it has to be reminded that all the layers (adherends/adhesives) will
have the same width w all along this paper. From the 1D‐bar defini-
tion, the normal force in the adherend at any locationj can be written
by the equation Eq. (1).
Nj ¼ Aj dujdx ð1Þ
with Aj being the membrane stiffness of the adherends:
Aj ¼ wejEj ð2Þ
There is a relative displacement between the top and the bottom
boundary of the adhesive layer:
ΔujðxÞ ¼ ujþ1  uj ð3Þ
This relative displacement induces a shear stress in the adhesive
layer characterized by the shear angle γ as shown in the Fig. 2:
It is assumed that small displacements are considered so that the
shear angle γj and the corresponding shear stress Tj are written below.
Note that the adhesive shear modulus is Gj.
γj≈ tan γj
  ¼ Δuj
eaj
¼ ujþ1  uj
eaj
ð4Þ





The shear stress in any j adhesive layers is thus:
Tj ¼ kaj ujþ1  uj
  ð6Þ
with
kaj ¼ Gajeaj ð7Þ
In any size of multilayered bonded joint, the adhesive layers will
always be surrounded by two adherends so that the number of adhe-
sive layers will be equal to ðP 1Þ. Consequently, the location of adhe-
sive layers will be j ¼ 1    i    ðP 1Þ. In the case of SLJ, j ¼ 1:
T1 ¼ ka1 u2  u1ð Þ ð8ÞFig. 1. Representation of single lap bond
3
Since the constitutive equations of all substrates are known, the
study of the local equilibrium in each of the adherends is performed.
As shown in Fig. 3, an elementary part of length dxof the overlap is
considered and a static analysis along the x‐axis is performed.Fig 4.
The general expressions of the normal force as a function of the






In order to verify the future results, an exact solution of the SLJ
model must first be obtained.
2.2.1. Exact closed-form solution
In this part, the exact solution of the normal forces and adhesive
shear stress of the SLJ is presented. The solution by algebraic manipu-
lation and simple differential equation solving.










λ ¼  1
1þ E1e1E2e2
ð12Þ
C1 ¼ λ e









To obtain the shear stress of the adhesive along the overlap, equa-




ð15Þ2.2.2. Exact ME stiffness matrix
In this part, a SLJ will be reduced into a ME. The ME technique is
the methodology for the simplified stress analysis of bonded joints.
Based on simplified hypotheses, the actual joint is meshed in particular
elements. The bonded overlap are modeled by dedicated 4‐nodes
Bonded‐bars (BBa). Only one BBa, depending on the chosen kinemat-
ics, is sufficient to be representative for an entire bonded overlap in
the frame of a linear elastic analysis. The ME technique is inspired
by the FE method and differs in the sense that the interpolation func-
tions are not assumed. Indeed, they take the shape of solutions of theed joints in tensile test configuration.
Fig. 2. Adherends relative displacement and shear angle presentation.
Fig. 3. Representation of adherend local equilibrium.
V. Torrelli, E. Paroissiengoverning ordinary differential equations (ODEs) system, coming from
the constitutive equations of the adhesives and adherends and from
the local equilibrium equations, related to the simplifying hypotheses.
The main work is thus the formulation of the elementary stiffness
matrix of the ME. Once the stiffness matrix of the complete structure
is assembled from the elementary matrices and the boundary condi-
tions are applied, the minimization of the potential energy provides
the solution, in terms of adhesive stress distributions along the over-
lap, internal forces and displacements in the adherends. The ME tech-
nique can be regarded as mathematical procedure allowing for the
resolution of the system of ODE, under a less restricted application
field of simplifying hypotheses, in terms of geometry, material behav-
iors, kinematics, boundary conditions and loads.
As shown in the figure below, the SLJ will be transformed into a ME
which is no more than a system of four nodes linked by a 4 4 stiff-
ness matrix K:
Note that for the four nodes L1; L2;R1;R2, the letter means the
“Left” or the “Right” of the bar and the number stands for the number
of the bar. Also, for a measure of convenience (used later), the overlap
length now goes fromc to cwhere c represents the half length of thenFig. 4. Physical single lap mo
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overlap. In order to find the exact stiffness matrix Ke of the SLJ, the
constitutive equations have been gathered in a system. Starting by
local equilibrium equations, the adhesive shear stress has been
injected. Then, equations of normal forces have been differentiated
according to x and injected to the set of equations. The system
obtained is presented below in Eq. (16).
d2u1
dx2
þ wka1A1 u2  u1ð Þ ¼ 0
d2u2
dx2
 wka1A2 u2  u1ð Þ ¼ 0
8<
: ð16Þ
The system is a set of coupled differential equations where the gen-
eral solution for the unknowns (the displacements) are presented
below in Eqs. (17) and (18):
u1 xð Þ ¼ 12 c1 þ c2x  c3 1þ χð Þe
ηx  c4 1þ χð Þeηxð Þ ð17Þ
u2 xð Þ ¼ 12 c1 þ c2x  c3 1þ χð Þe






















And c1,c2, c3 and c4 are integration constants. The boundary condi-
tions at both extremities of the ME, in terms of displacements, lead to
the expressions for the integration constants as a function of nodal dis-
placements uL1,uL2, uR1,uR2. These integration constants are gathered in
a vector:del transformed into ME.








CCA ¼ Me1Ue ð22Þ
with:
Me1 ¼
1 χð Þ 1þ χð Þ 0 0
 1χð Þ2c  1þχð Þ2c 1χð Þ2c 1þχð Þ2c
 e2ηc2 sinh 2ηcð Þ e
2ηc
2 sinh 2ηcð Þ
1
2 sinh 2ηcð Þ  12 sinh 2ηcð Þ
e2ηc
2 sinh 2ηcð Þ  e
2ηc





The nodal forces are then computed from the constitutive
equations:
N1 xð Þ ¼ 12 c2 þ c3η 1þ χð Þe
ηx  ηc4 1þ χð Þeηxð ÞA1 ð24Þ
N2 xð Þ ¼ 12 c2  c3η 1 χð Þe
ηx þ ηc4 1 χð Þeηxð ÞA2 ð25Þ




0 A1 η 1þ χð ÞA1 η 1þ χð ÞA1
0 A2 η 1 χð ÞA2 η 1 χð ÞA2
0 A1 η 1þ χð Þe2ηcA1 η 1þ χð Þe2ηcA1






Qe ¼ NeMe1Ue ð28Þ
The elementary stiffness matrix is finally computed from the matrix
Me and Ne:




tanh 2ηcð Þ þ 1χA 1
2ηc
tanh 2ηcð Þ  2ηcsinh 2ηcð Þ  1χA
2ηc
sinh 2ηcð Þ  1
1 2ηctanh 2ηcð Þ 2ηctanh 2ηcð Þ þ χA 2ηcsinh 2ηcð Þ  1  2ηcsinh 2ηcð Þ  χA
 2ηcsinh 2ηcð Þ  1χA
2ηc















The 4 4 exact stiffness matrix Keof the SLJ ME using Volkersen
assumption is thus obtained in Eq. (29):
2.3. TEPS solution
In the part, the Taylor Expansion into Power Series (TEPS) resolu-
tion scheme will be introduced. This method will be used to decouple
and linearize a complex system of differential equations. The main
assumption is that the displacements (unknowns) are written under
the following form:











For the series terms to have the same unit as the function approx-
imated, the variable change of Eq. (32) is introduced. As a result,
the solution is searched for anyξincluded between 1 and 1. The5
advantages of this non‐dimensionalization is that the polynomial will
now vary from 1 to 1 which avoids dealing with big numbers ele-
vated at high power. On the other hand, the any mth derivative equa-














nþ ið ÞUnþmξn ð33Þ2.3.1. TEPS analytical solution
In this part, the SLJ model will be developed using the TEPS equa-
tions presented in the previous part. The non‐linear system of coupled
differential equations presented in Eq. (16) is rewritten using the TEPS
fundamental equations Eqs. (31)–(33):
U1;nþ2 þ wc2A1ðnþ1Þðnþ2Þ ka1 U2;n  U1;nð Þ ¼ 0
U2;nþ2  wc2A2ðnþ1Þðnþ2Þ ka1 U2;n  U1;nð Þ ¼ 0
8<
: ð34Þ
Thanks to the TEPS assumption, the system Eq. (16) became system
Eq. (34) which is a linear system of coupled differential equations
called “recursive equations” and easily solvable.
This system is then truncated at an nmax order and is 2ðnmax  1Þ big.
To this set of recursive equations, two boundary equations per adher-
end must be added to retrieve a balanced system. As shown is Fig. 5
below, the boundary conditions can either be forces or displacements.
Using TEPS assumption Eq. (31), the boundary conditions in dis-
placement can be written:
atξ ¼ 1 : ∑1n¼0Uj;nð1Þn ¼ uLj(35)
atξ ¼ 1 : ∑
1
n¼0
Uj;n ¼ uRj ð36Þ
Using fundamental equation Eq. (5) and TEPS assumption the
boundary conditions in force can be written:





ð1Þnðnþ 1ÞUj;nþ1 ¼ QLj ð37Þ





ðnþ 1ÞUj;nþ1 ¼ QRj ð38Þ
Finally, by gathering system Eq. (34) of the size 2ðnmax  1Þ with
any set of four boundary condition equations from Eqs. (35)–(38),
the obtained system is balanced and is of the size 2ðnmax þ 1Þ. The sys-
tem can easily be solved by putting it into matrix form and solving it
like any linear systems where the vector of unknowns VN is the TEPS
coefficients Uj;n collection:
VNf g ¼ U1;0U1;1   U1;nmaxU2;0   U2;nmax½ T ð39Þ2.3.2. TEPS ME stiffness matrix
As in the part 2.2.2, the starting equation is the system Eq. (16).
From this system, two different systems will be derived, one using dis-
placements as unknown and the other using normal forces as
unknown. At the end, few manipulations will lead to the presentation
of the ME stiffness matrix using TEPS assumption.
In this part, the system Eq. (16) will be written into matrix form
focusing on the displacements. The displacements uL1; uL2; uR1; uR2 of
the four nodes of ME introduced in Fig. 6 are the unknowns to
determine.
As derived in part 2.3.1, by considering the displacements as
unknowns, the system Eq. (16) became Eq. (34). Then, four bound-
ary conditions in term of displacements must be found so that the
system is balanced. The equations used are Eq. (35) and Eq. (36)
which gives:
Fig. 5. Application of boundary condition at overlap ends.
Fig. 6. Applied displacement on SLJ ME.












Finally, the three above systems Eq. (34), Eqs. (40)–(41) are assem-
bled which give a balanced system of the size 2ðnmax þ 1Þ. The system
can now be put into matrix form.
The vector VN introduced before is still the unknown coefficients
vector. Then, the dummy displacements vector uthat gathers the right
hand of the equations is introduced:
uf g ¼ 0 2ðnmax  1ÞuL1uL2uR1uR2
 T ð42Þ
Note that VN and u are of the size 2ðnmax þ 1Þ1. Finally, the matrix
form of the complete system is thus:
MN½  VNf g ¼ uf g ð43Þ
with the matrix MN of the size 2ðnmax þ 1Þ½ 2.
In this part, the system Eq. (16) will be written into matrix form
focusing on the forces. As shown in the Fig. 7, the normal forces
QL1;QL2;QR1;QR2 applied on the four nodes of the ME are the
unknowns to determine.
In the force based approach, manipulation is required to write the
system Eq. (16) with normal forces only. First, the system Eq. (16) has













  ¼ 0
8<
: ð44Þ
Then, using Eq. (5) and its derivatives, the system Eq. (44) became:
d2N1
dx2
















Thus, the normal force and its derivative became:

















nþ 1ð Þ nþ 2ð Þ nþ 3ð ÞUj;nþ3ξn ð47Þ
Finally, the system of coupled differential equations in TEPS form
(force approach) is:
U1;nþ3 þ wc2A1ðnþ2Þðnþ3Þ ka1 U2;nþ1  U1;nþ1ð Þ ¼ 0
U2;nþ3  wc2A2ðnþ2Þðnþ3Þ ka1 U2;nþ1  U1;nþ1ð Þ ¼ 0
8<
: ð48Þ
This system is then truncated at an nmax order and is 2ðnmax  2Þ
big. To this set of recursive equations, two boundary equations per
adherend must be added to retrieve a balanced system. First, using
the equations of the TEPS part, the boundary equations at the left part
(ξ ¼ 1) are:
 A1c ∑1n¼0ð1Þnðnþ 1ÞU1;nþ1 ¼ QL1
 A2c ∑1n¼0ð1Þnðnþ 1ÞU2;nþ1 ¼ QL2
(
ð49Þ
Second, using the equations of the TEPS part, the boundary equa-








n¼0ðnþ 1ÞU2;nþ1 ¼ QR2
(
ð50Þ
Finally, the three above systems Eqs. (48)–(50) are assembled
which gives a system of the size 2nmax. Two lines of zeros are added
in order to balance the system so that its size became2ðnmax þ 1Þ.
The system can now be put into matrix form. The vector VN remains
unchanged but the vector Q is defined as followed:
Qf g ¼ ð0 2ðnmax  2Þ þ 0 2ÞQL1QL2QR1QR2
 T ð51Þ
The complete system is thus written as followed:
NN½  VNf g ¼ Qf g ð52Þ
with the matrix NN of the size 2ðnmax þ 1Þ½ 2.
Up to now, two linear systems have been obtained. The one of the
displacement approach and the one of the force approach. Both sys-
tems are of the size 2ðnmax þ 1Þ and thus, are compatible for any alge-
braic manipulation. The aim is to get the stiffness matrix such that:
K½  uf g ¼ Qf g ð53Þ
V. Torrelli, E. ParoissienFrom displacement approach the vector VN is rewritten as
followed:
VNf g ¼ MN½ 1 uf g ð54Þ
Injecting Eq. (54) into force approach Eq. (52) gives:
NN½  MN½ 1 uf g ¼ Ψ½  uf g ¼ Qf g ð55Þ
Even though u contains values of displacements, it is not really a
displacement vector. Similarly for Q. Consequently, the matrix Ψ of
the size 2ðnmax þ 1Þ½ 2 is not the true stiffness matrix of the ME. To
do so, the obtained system is reduced by removing the lines and col-
umns of zeros. The vectors u and Qare now respectively the true dis-
placements and forces vectors.
uf g ¼ uL1uL2uR1uR2½ T ð56Þ
Qf g ¼ QL1QL2QR1QR2½ T ð57Þ
The stiffness matrix K of the macro‐element is a four‐by‐four square
matrix extracted fromΨ:(58)The stiffness matrix of the ME for the SLJ model is thus:
K ¼ NN½  MN½ 1 2 nmax  1ð Þ   2ðnmax þ 1Þ
2 nmax  1ð Þ   2ðnmax þ 1Þ
ð59Þ2.4. Convergence and comparison
In this part, the results obtained will be compared to the exact solu-
tions to determine the validity and level of accuracy of the TEPS solu-
tion scheme.
2.4.1. TEPS scheme
In order to perform the validation, a numerical test specimen sim-
ilar to the one presented in Fig. 1 has been used. The top adherendTable 1










(#1) is clamped while the bottom one (#2) is submitted to a tensile
load of 100N. Both adherends are made of aluminium and the mechan-
ical and physical properties are presented in the Table 1 below. The
data observed during this experiment will be the normal forces in both
adherends and the adhesive shear stress.
As discussed previously, the series are truncated at an order nmax.
However, before comparing anything, the truncated order must be
determined so that convergence is obtained. To do so, the normal force
in the bottom adherend has been plotted while varying the truncating
order as shown in Fig. 8 below.
As pointed out by the arrow, the convergence is fast and occurs
around nmax = 15. The value 15 as been picked so that the maximum
error compared to the exact solution is equal to 0.63%. For the follow-
ing results, this convergence truncated order will be kept. Note that
increasing nmax will reduce the percentage error (e.g.: at nmax ¼ 20,
error ¼ 1;45e4%)
Since convergence order has been identified, results can now be
presented. The normal forces in both adherends obtained from exact
solution and TEPS solution is compared in Fig. 9 below:The curves are perfectly superposed and the maximum error
between exact and TEPS solution is equal to 0.63%. Similarly, the
adhesive shear stress obtained from exact solution has been compared
to the TEPS solution. Results are presented below in Fig. 10.
Once again, both curves fit perfectly so that the maximum error
between both solutions is equal to 0.087%. Consequently, the TEPS
is a very accurate method to approach the exact solution of the
mechanical behavior of a SLJ.
3. Simplified stress analysis of multilayered metallic bonded joint
In part 2, a simplified stress analysis methodology has been intro-
duced in order to predict behaviour of single lap bonded joints. In this
part, the same methodology will be applied to any size of multilayered
bonded joints.
3.1. Hypotheses and governing equation
The 1D‐bar assumptions presented in part 2.1.1 will remain the
same. Indeed, the normal forces in any adherend is defined by Eq.
(1) and the adhesive layer shear stress is given by Eq. (8). The multi-
layered model is composed of P‐layers of adherends and P‐1‐layers of
adhesives. As shown in the Fig. 11 below, the model is divided into
three parts: the first one corresponds to the first adherend (j ¼ 1),
the second at the adherend i and the third at the last layer called P‐
layer. Note that as introduced before, j identifies the adherend loca-
tion: j ¼ 1    i   P.
Fig. 8. Convergence of adherend normal force increasing nmax.
Fig. 9. Exact VS. TEPS solution of normal forces in adherends.
V. Torrelli, E. ParoissienAs in the previous part, the local equilibrium is done as shown in
Fig. 12.
Then, the equations are gathered under a system of local equilib-
rium equations.
dN1












The system Eq. (60) is the raw system of coupled differential equa-
tions to be solved.
3.2. TEPS solution
As in the single lap bonded joint part, the unknowns chosen to
build the system are the adherends displacements u1…ui… up.
uj xð Þ ¼ ∑
1
n¼0
Uj;nξnwithUj;n ¼ cnuj;n ð61Þ
Fig. 10. Exact VS. TEPS solution of adhesive shear stress.
Fig. 11. Multilayered bonded joint configuration.
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Using Eq. (1) and Eq. (6) the system Eq. (60) becomes:
d2u1













Using TEPS assumptions shown in Eq. (61) the system Eq. (63)
becomes:U1;nþ2 þ wc2A1ðnþ1Þðnþ2Þ ka1 U2;n  U1;nð Þ ¼ 0
..
.
Ui;nþ2 þ wc2Ai nþ1ð Þ nþ2ð Þ kai1Ui1;n  kai1 þ kaið ÞUi;n þ kaiUiþ1;n½  ¼ 0
..
.
Up;nþ2 þ wc2Apðnþ1Þðnþ2Þ kap1 Up1;n  Up;n




Finally, the series are truncated at an order nmax so that the num-
ber of recursive equations obtained is Pðnmax  1Þ. Now, as previously,
two boundary conditions per adherend (either in displacement or in
force) must be added to system of recursive equations Eq. (64) to bal-
ance it. Consequently, 2 P boundaries are required so that the final
size of the system is Pðnmax þ 1Þ. Thus, since the system of equations
is now balanced, it is possible to solve the same way as described in
part 2.3.1.3.2.2. TEPS ME stiffness matrix
In this part, following the previous methodology, the multilayered
bonded joint model will be reduced into a ME.
In this part, the previous system Eq. (60) will be written into matrix
form focusing on the displacements. The displacements uL1    uLp and
uR1    uRp of the 2 P nodes of the ME (shown in Fig. 13) are the
unknowns to determine. The system of recursive equations is the
one presented in Eq. (64). The set of 2 P displacement boundary con-
dition equations:











Fig. 12. Local equilibrium representation of multilayered bonded joint.
Fig. 13. ME representation of multilayered bonded joint.











The assembly of these three systems have been put into matrix
form. Once again, the vector VN of size Pðnmax þ 1Þ stands for the
unknown coefficients vector such that:10VNf g ¼ U1;0U1;1   U1;nmax   Ui;0   Ui;nmax   Up;0   Up;nmax
 T ð67Þ
Then, the matrix MN is built by first gathering the Pðnmax  1Þth
recursive equations, then the left Pth boundary conditions and finally
the right Pth remaining equations. Finally, the matrix MN become of
the size Pðnmax þ 1Þ½ 2. To finish, the vector u (of the same size as
VN) that gathers the unknown displacements of the ME is written:
uf g ¼ 0   0uL1    uLi    uLpuR1    uRi    uRp
 T ð68Þ
V. Torrelli, E. ParoissienThe complete system is recalled:
MN½  VNf g ¼ uf g
Now, let’s perform the TEPS force based approach:
In the following part, the system Eq. (63) will be written into
matrix form focusing on the forces. The normal forces QL1   QLp and
QR1   QRp are applied respectively at the left and right nodes of the
ME and are unknown. First, the system Eq. (63) has been differentiated
with respect to × such that:
d3u1
dx3 þ wA1 ka1
du2
dx  du1dx




dx3 þ wAi kai1
dui1















Writing this system Eq. (69) with respect to normal forces gives:
d2N1




























Then, like in the previous part, the system is written in terms of
coefficients such that:
U1;nþ3 þ wc2A1ðnþ2Þðnþ3Þ ka1 U2;nþ1  U1;nþ1ð Þ ¼ 0
..
.
Ui;nþ3 þ wc2Ai nþ2ð Þ nþ3ð Þ kai1Ui1;nþ1  kai1 þ kaið ÞUi;nþ1 þ kaiUiþ1;nþ1½  ¼ 0
..
.
Up;nþ3 þ wc2Apðnþ2Þðnþ3Þ kap1 Up1;nþ1  Up;nþ1




The number of recursive equations obtained is Pðnmax  2Þ. As pre-
viously, in order to have a balanced number of equations, 2 P equa-
tions of force boundary conditions should be introduced.
Atξ ¼ 1 :
 A1c ∑1n¼0ð1Þn nþ 1ð ÞU1;nþ1 ¼ QL1
..
.
 Aic ∑1n¼0ð1Þn nþ 1ð ÞUi;nþ1 ¼ QLi
..
.
























Finally, the systems Eq. (71), Eq. (72) and Eq. (73) are assembled
which give a system of the size Pnmax. Then, 2 P lines of zeros are
added in order to balance the system so that its size
becomePðnmax þ 1Þ. The system can now be put into matrix form.
The vector VN remains unchanged but the vector Q is defined as
followed:
Qf g ¼ 0    0QL1   QLi   QLpQR1   QRi   QRp
h iT
ð74Þ
The complete system is thus recalled:11NN½  VNf g ¼ Qf g
with the matrix NN of the size Pðnmax þ 1Þ½ 2.
The methodology of part 2.3.2 has been applied, however, this time
the vectors of the true displacement and force are now:
uf g ¼ uL1    uLi    uLpuR1    uRi    uRp
 T ð75Þ
Qf g ¼ QL1   QLi   QLpQR1   QRi   QRp
 T ð76Þ
The stiffness of any multilayered bonded joint is then the down
right corner of matrix Ψ:
K ¼ NN½  MN½ 1 P nmax  1ð Þ   Pðnmax þ 1Þ
P nmax  1ð Þ   Pðnmax þ 1Þ
ð77Þ3.3. Convergence and comparison
As previously, a convergence study was done and led to the choice
of truncature order nmax ¼ 15 to have fully converged results at 10−3
level. In this part, the validation of the multilayered bonded joint TEPS
method will be done using numerical results from FE analysis.
3.3.1. Validation by finite element: Test model presentation
To validate the TEPS semi‐analytical model, two models will be
compared to FE analysis.
The tests correspond to an assembly of four aluminum sheets
bonded together with three layers of adhesive as presented in
Fig. 14 and Table 2. The left end of the adherends are clamped while
the right ends remain free except for the fourth adherend where a ten-
sile force is applied. Only the shear modulus of the glue will differ from
TEST 1 to TEST 2. Indeed, it will be multiplied by 10. The FE analysis
has been performed thanks to the software SAMCEF by modeling the
adherends as bars and the adhesive layer as shear springs [12], which
is coherent with the TEPS model that uses Volkersen assumptions
(Fig. 14). The stiffnesses of springs ku are directly related to the mesh
density along the overlap [21]. For a spring element located at an
abscissa × along the overlap, the stiffnesses are computed from the
actual value of adhesive peel and shear modulus at the abscissa × ,
the adhesive thickness ea, the width b and the mesh density L/n_BE
such as:




where m(0 < x < L) = 1 and m(x = 0) = m(x = L) = 1/2.
A density of n_BE = 20 bar elements along the overlap per mm pro-
viding convergent results and the details on the approach for the FE
can be found in [10].
3.3.2. TEPS scheme validation
The comparison between the FE analysis and TEPS solution will be
held on the adhesive shear stress in each of the adherends, the normal
forces in the adherends at the clamped region and the displacements at
the free end of the adherends. The results for TEST 1 (G = 100 MPa)
are firstly presented. The results of FE analysis versus TEPS method for
the reaction force in the adherends at the clamped region is presented
in the Table 3. The results of FE analysis versus TEPS method for the
displacements of the adherends at the clamped region is presented
in the Table 4. The results for the shear stresses in the three adhesives
layers are depicted in the Fig. 15. This first test validates the TEPS
method. Indeed, looking at Tables 3 and 4 and Fig. 15, a maximum
error of 0.0003% is observed in reaction forces, of 0.0002% for dis-
placements and 0.0005% in adhesive shear stresses.
The results for TEST 2 (G = 1000 MPa) are presented. The results
of FE analysis versus TEPS method for the reaction force in the adher-
Fig. 14. Scheme of test 1 & 2 configuration.
Table 2
Mechanical and geometrical properties of test 1 & 2.
TEST #1 TEST #2
Number of adherends P 4 4
Length of the overlap L 30 mm 30 mm
Width of the adherends w 1 mm 1 mm
Thickness of the adherends ej 2.5 mm 2.5 mm
Young’s modulus of adherends Ej 70000 MPa 70000 MPa
Thickness of the adhesive eaj 0.11 mm 0.11 mm
Shear modulus of the adhesive for the first
analysis
Gj 100 MPa 1000 MPa
Applied force (at the last layer, x = L) f R4 200 N 200 N
V. Torrelli, E. Paroissienends at the clamped region is presented in the Table 5. The results of
FE analysis versus TEPS method for the displacements of the adher-
ends at the clamped region is presented in Table 6. The results for
the shear stresses in the three adhesives layers are depicted in the
Fig. 16. This second test clearly validate the TEPS method. Indeed,
looking at Tables 5 and 6 and Fig. 16, a maximum error of 0.0554%
is observed in reaction forces, of 0.3822% for displacements and
0.0376% in adhesive shear stresses.
These two tests showed that the TEPS semi‐analytical predictions
followed exactly the predictions obtained by FE analysis. Conse-Table 3
TEPS vs. FEA reaction force.
Reaction force [N] at x = 0 (clamped end)
Method 1st Layer 2nd La
TEPS 22.6749 33.575
FE analysis 22.6748 33.575
Error (%) 0.0003 0.0000
12quently, the TEPS semi‐analytical model is validated and could be used
to predict multilayered metallic bonded joint behaviors. However, an
accuracy of 0.0002% has no real meaning and an interesting next step
could be to fix a target percentage error (which is realistic) and find
the lowest truncation order nmax needed to reach this target. Indeed,
even though TEPS method is fast, lowering its number of increment
will lower the computational time.3.3.3. ME TEPS validation
This part presents the comparison of TEPS‐ME results with results
from FE analysis. The configurations presented in part 3.3.2 have been
used conserving the same four test cases. First, the stiffness matrix of
the four‐layered metallic bonded joint has been built with the method-
ology presented above in part 3.3.2. Then, for each of the two tests, the
following Eq. (79) has been solved.
K½  uf g ¼ ff g
Finally, at any overlap location ×, the shear stress in the adhesive
layers and the normal forces in the adherends have been computed.
These results have been compared to those obtained by FE analysis
and appeared to be exactly the same as the one presented in





TEPS vs. FEA displacement.
Displacements in the adherends [mm] at x = L (free end)
Method 1st Layer 2nd Layer 3rd Layer 4th Layer
TEPS 0.0025 0.0039 0.0077 0.0202
FE analysis 0.0025 0.0039 0.0077 0.0202
Error (%) 0.0002 0.0001 0.0002 0.0002
Fig. 15. Graph of adhesive shear stress obtained by FEA vs. TEPS method (TEST 1 and G = 100 MPa).
Table 5
TEPS vs. FEA reaction force.
Reaction force [N] at x = 0 (clamped end)
Method 1st Layer 2nd Layer 3rd Layer 4th Layer
TEPS 49.0958 49.6154 50.3720 50.9166
FE analysis 49.1000 49.6000 50.4000 50.9000
Error (%) 0.0086 0.0311 0.0554 0.0328
Table 6
TEPS vs. FEA displacement.
Displacements in the adherends [mm] at x = L (free end)
Method 1st Layer 2nd Layer 3rd Layer 4th Layer
TEPS 0.0065 0.0070 0.0083 0.0124
FE analysis 0.0065 0.0070 0.0084 0.0125
Error (%) 0.0505 0.0471 0.0400 0.3822
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In order to perform the behavioral analysis, the force model TEST 1
presented in numerical validation part has been used. It is composed of
four aluminum sheets clamped at their left ends and glued together
with an adhesive of shear modulus equal to 100 MPa. A tensile force
of 200 N is applied on the fourth adherend.
4.1. Influence of adhesive thickness
To see the influence of adhesive thickness, a set of numerical tests
have been applied. For each adhesive thickness, the maximum shear
stress in the three adhesive layers and the normal forces in the four
adherends at the clamped region have been recorded and are pre-
sented in the following Fig. 17.13The graph of the maximum shear stress Fig. 17 shows that the big-
ger is the adhesive thickness, the lower is the adhesive shear stress.
However, the curves seem to converge which means that up to a cer-
tain value, increasing the adhesive thickness will no more decrease the
maximum shear stress in the adhesive. The graph of the normal forces
(Fig. 18) seems to confirm this convergence tendency. An interesting
point to notice is that only the normal force in the fourth adherend
increases when adhesive thickness increases. At the smallest adhesive
thickness, the fourth adherend sustains only 30% of the applied load,
the remaining 70% is almost evenly distributed in the three other
metallic sheets. However, at the biggest adhesive thickness, the fourth
adherend sustains by itself more than 80% of the applied load while
the two first layers undergo only 5% of the load. This means that
(up to convergence) the bigger is the adhesive thickness the less the
load is transmitted to the other metallic layers.
Fig. 16. Graph of adhesive shear stress obtained by FEA vs. TEPS method (TEST 2 and G = 1000 MPa).
Fig. 17. Maximum shear stress vs. adhesive thickness.
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To see the influence of the overlap length, a set of numerical tests
have been applied.
For each overlap length, themaximum shear stress in the three adhe-
sive layers and the normal forces in the four adherends at the clamped
region have been recorded and are presented in the following Fig. 19.
The graph of the maximum adhesive shear stress (Fig. 19) shows
that increasing the overlap length will increase the adhesive shear14stress. However, convergence is really fast. The normal force
(Fig. 20) shows this fast convergence too. Indeed, with a small over-
lap length, the fourth adherend sustains almost all the tensile load
(94%). Increasing the overlap balances the system so that when con-
vergence is reached, the four adherends are evenly loaded and sus-
tain 25% of the load each. It is important to notice that, even
though at convergence the four bars sustain the same load, the adhe-
sive shear stress is not evenly distributed through the adhesive
layers.
Fig. 18. Normal forces in the adherends vs. adhesive thickness.
Fig. 19. Maximum shear stress vs. overlap length.
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In this paper, a methodology for a simplified stress analysis of any
sizes of multilayered metallic bonded joints has been presented. The
assumption used are the one of Arnovljevic [17] and Volkersen’s
[18] classical shear lag analysis under 1D‐bar kinematics (for the
adherends). As an introduction, the methodology was performed for
the analysis of the simplest configuration of bonded joint: the SLJ. A
solution for the normal forces in the adherends and shear stress in
the adhesive layer was obtained in term of a system of coupled ODEs.
This system was decoupled, linearized and approximated using TEPS
method. A nmax series truncating order was defined to choose the level
of approximation. Two resolution schemes have been presented. The
first one, the TEPS linear system, was easily solved semi‐analytically15(MATLAB code provided). A convergence study showed that conver-
gence occurs around nmax ¼ 15 and the results obtained were very
accurate compared to the exact SLJ. The second resolution scheme
was the reduction of the SLJ into ME having a stiffness matrix obtained
with TEPS methods. The TEPS ME stiffness matrix was compared to
the exact ME stiffness matrix and, at convergence (nmax ¼ 15), the
method was very satisfying (low errors). Then, the method used for
the SLJ model was modified and parameterized to be able to analyze
any sizes of multilayered metallic bonded joints. Solution have been
obtained from both resolution schemes discussed previously. After per-
forming a convergence study (giving the same results as above), results
have been compared to the one of a FE analyses. The test model was a
4‐layered metallic bonded joint submitted to a tensile load on one of
its layers. The method gave very accurate results so that the simplified
Fig. 20. Normal forces in the adherends vs. overlap length.
V. Torrelli, E. Paroissienstress analysis tool is validated. Based on this methodology, a fully
parameterized (plug‐and‐play) tool has been implemented for pre‐
sizing purpose (MATLAB code provided). In few steps, the user can
build any sizes of multilayered bonded joint models, with any types
of adherends and any types of adhesives (following the 1D‐bar kine-
matics). Since a semi‐analytical resolution scheme is used, the compu-
tational time and resources are extremely low compared to FE analysis
(with same results). As an application, a mechanical analysis behavior
was done in the paper. It has been observed that, up to a certain value,
the bigger is the adhesive thickness the less the load is transmitted to
the other metallic layers. Then, results tend to converge so that
increasing the thickness will no more have an influence on transmis-
sion of loads between layers. Also, varying the overlap length showed
that it has an influence on the load transmission across layers. Then,
increasing the length will balance the normal forces in the adherends.
However, the results converge quickly so that increasing the overlap
length will have no effect of the load transmissibility anymore. This
paper presented two fast and easy‐to‐use methods in order to perform
simplified stress analysis on any sizes and types of multilayered metal-
lic bonded joints for a presizing purpose. It also introduced and vali-
dated a way of building multilayered ME. These methods are
interesting in the way they are methodologies having modelling flexi-
bilities. Indeed, they could be perfectly suitable in order to build more
complex models such as 1D beam kinematics one.
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